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ABSTRACT

Slice-selective broadband refocusing pulses are of great interest in localized MR spectroscopy for improv-
ing spatial selectivity, reducing chemical-shift displacement errors, and reducing anomalous ] modula-
tion. In practice the bandwidth of RF pulses is limited by the maximum available B; amplitude. The
goal of the present work is to design slice-selective and broadband refocusing pulses which are tolerant
against B deviations. Pulse design is performed by numerical optimization based on optimal control the-
ory. A comprehensive study of different cost functions and their effect on the optimization is given.
The optimized slice-selective broadband refocusing pulses are compared to conventional Shinnar-Le
Roux (SLR), broadband SLR, and hyperbolic secant pulses. In simulations and experiments optimized
pulses were shown to fulfill broadband slice specifications over a range of +20% B, scalings. Experimental
validation showed a reduction of chemical-shift displacement error by a factor of 3 compared to conven-

BURBOP tional SLR pulses.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Magnetic resonance spectroscopy enables non-invasive mea-
surements of metabolite concentrations, making it a powerful tool
for numerous pathologic conditions, including epilepsy, multiple
sclerosis, stroke, cancer, and metabolic disorders [1]. For in vivo
measurements good localization is crucial in order to obtain mean-
ingful signals with narrow line widths. In brain spectroscopy
unwanted strong signals from a lipid layer beside the skull are usu-
ally reduced by repeatedly applying outer volume suppression.
This can be omitted or reduced with improved localization. For
localization with point resolved spectroscopy (PRESS) [2] a spin-
echo is generated from within a cuboidal voxel by an excitation
pulse and two refocusing pulses combined with three slice selec-
tion gradients applied along orthogonal axes. PRESS can be used
for single-voxel spectroscopy and chemical-shift imaging (CSI) [3].

Typical problems of PRESS are poor selectivity profiles, chemical-
shift displacement errors (CSDE), and spatially dependent evolution
of J-coupling within the voxel. These errors can be reduced with lar-
ger RF pulse bandwidth [4,5]. In experiments the RF pulse band-
width is limited because of the maximum available RF amplitude
(B1.max) Which is constrained by hardware and energy deposition
(SAR). The relative displacement of water and fat for a typical pulse
bandwidth of BW =1 kHz at By = 3 T is 45% of slice thickness.
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Refocusing pulses are not only needed for generating spin ech-
oes as in the PRESS sequence but also in other contexts of magnetic
resonance spectroscopy, for example polarization transfer and
spectral editing. This class of pulses is commonly called spin-echo
[6,7], refocusing [8], or universal rotation (UR) [9].

The RF pulse bandwidth under given B; p,.x constraints can be
increased by reducing the flip angle, e.g. from 180° to 163° [10].
This however decreases the signal and therefore it is desired to
obtain both a large bandwidth and a 180° flip angle.

The bandwidth and selectivity of refocusing pulses can be
increased by allowing phase modulation, which makes it possible
to spread the pulse energy over a larger region of the pulse shape
and therefore decreasing Bj max. Previously, the Shinnar-Le Roux
transformation (SLR) [7] was used to design broadband refocusing
pulses [8]. This design alters the pulse phase by flipping of zeros of
the SLR A-polynomial while preserving the refocusing profile
[11,12]. Large bandwidth is obtained by non-linear optimization
of the zero-flipping pattern. With the SLR algorithm only flip-
angles below 180° can be obtained, leading to a signal reduction
compared to 180° flip angles. The major drawback of broadband
(BB) SLR pulses is their large sensitivity to By scaling with increased
bandwidth. This may prevent their experimental applicability due
to spatially inhomogeneous B, fields and B, calibration errors.

High robustness against By scaling can be reached with adiabatic
frequency-swept pulses. However, these pulses are inversion pulses
and not refocusing pulses. For spin refocusing they need to be used in
pairs, in a double spin-echo sequence [13]. Localization by adiabatic
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selective refocusing (LASER) uses broadband and Bj-insensitive
pulses, but it is not applicable to short echo times [14].

The above mentioned difficulties of existing refocusing pulses
can be addressed using optimal control theory. With this flexible
RF pulse design a tradeoff can be made between bandwidth under
given B; max constraints, robustness against B; scaling, pulse dura-
tion, and error in the magnetization profile (ripple). Numerical
tools based on optimal control theory have been developed for
the design of slice-selective [6,15-17] and broadband pulses [18-
22] for single spins, and coupled spin systems [23-26]. Optimal
control theory was also applied to non-selective, broadband, B; -
robust refocusing [9,27,28].

The goal of the present work is to optimize slice-selective,
broadband refocusing pulses which are robust against B; scaling.
Our pulses are called “Slice-selective Broadband Universal Rotation
By Optimized Pulses” (S-BURBOP). They are compared to conven-
tional SLR, broadband (BB) SLR, and a pair of adiabatic frequency-
swept pulses, and are applied and experimentally validated in
PRESS experiments.

2. Theory and methods
2.1. RF pulse optimization

Slice-selective refocusing pulses were designed using numerical
algorithms based on optimal control theory. The underlying opti-
mization principle is that if a control variable w; = w1+ iw1,,,
j=1,...,N is optimal, then a small perturbation éw;; will cause
no change to the cost function &. The stationary condition
0P /dw JéO is the first-order necessary condition for an optimal
RF pulse w1 ;. The physical and practical constraints are the maxi-
mum pulse duration, given by the desired echo time, and the max-
imum available RF amplitude (B; max)-

The RF pulse is optimized iteratively with the following gradi-
ent search method, adapted from [18,23]:

. Choose initial pulse wq3j=1,...,N

. Calculate first-order gradient 6®/dwy

. Update RF pulse according to wq; — w1+ €5P[dw1

. Apply low-pass filter to w;

. Truncate w1 at By max

. Repeat steps 2-5 until termination condition is reached

U WN =

The step size € for adding the first-order gradient to the pulse is
calculated by line search [29]. The reason for low-pass filtering is
described in Section 2.4.

The cost function for S-BURBOP combines the cost functions for
universal rotation (UR) and point-to-point transformation (PP). In
the pass-band refocusing characteristics are obtained by optimizing
180° UR and in the stop-band excitation is prevented by mapping
thermal equilibrium magnetization to itself using PP (see Section
2.4). The goal of PP optlmlzatlon is to find the trajectory for the ini-
tial magnetization vector Mo that optimizes a suitably chosen cost
function. On the other hand, UR optimization aims at rotation of any
magnetization vector by a desired rotation angle around a desired
rotation axis. The evolution for PP and UR, corresponding costs
and gradients are described in the following two sections.

2.2. Point-to-point transformations

The Bloch equation for a time-varying and piecewise constant
RF field
Bij=Bixj+iB1y;, j=1,...,N (1)

of duration T= N - At, neglecting relaxation, is given by [7]

Mgl [0 96k By [My
Myj | = |=Gx 0 9Big | | My (2)
M. VBiyj  —VBixj 0 M,;

The frequency Aw = —)Gyx corresponds to a spatial location x
when the RF pulse is applied simultaneously with a magnetic field
gradient G, = dB,/Jx. A different expression of the Bloch equation is
given by

;l

= o
M; = @; 3)
with the magnetization vector 1\71 [MX i M,; M,;]" and the effective
rotation @; = [~yB1xj — YB1y; — YG« X"

The propagation of a magnetization vector M, is executed by a
sequence of 3 x 3 rotation matrices

— —

My =Ry-Ry_1---Ri---Ry - My (4)

with rotation axis

L

nj=—- (5)
T oyl

and rotation angle

¢; = At|c| (6)

The iterative optimization algorithm for PP transformation of an
initial magnetlzatlon vector MO to a desired final magnetization
vector M[ is explained in detail by Skinner et al. [18]. The cost func-
tion to be minimized reflects the projection of the actual final mag-
netization vector on the desired magnetization vector

®pp(Mo, My) := 0.5 — 0.5(1\71’{1\7N), @,y € [0,1] (7)

A decreasing cost @, quantifies the degree to which the mag-
netization vector MN after apphcatlon of the RF pulse becomes
the target magnetization vector M..

The necessary condition that must be satisfied at each time for
@y, to be minimized is

o 0Dy,
=5 =

(8)

The first-order derlvatlve of the cost function is obtained by
back-propagation of MN X M[
N — —

v =My x M;
g = xg

)

2.3. Universal rotations

The obtamed RF pulse from PP optimization is only defined for
transforming Mo to Mt and not for any other vector. The rotation of
any given magnetization vector by a desired angle ¢, and rotation
axis i, is called universal rotation (UR). Here, we adapt the spinor
notation [7].

A desired universal rotation can be described by the 2 x 2 uni-
tary matrix

o —p;
i

with the Cayley-Klein parameters

Q = [ (10)



128 M.A. Janich et al./Journal of Magnetic Resonance 213 (2011) 126-135

O = cos% —ing sin%
Br = (Ny, —iny,) Sin% (11)

1= oo + fife

With the piecewise constant RF pulse By (Eq. (1)) the resulting
UR can be described by a sequence of unitary matrices

Q=Qn Qn1- Q- (12)
with

o aj —b] 13
e[y 2] i

The Cayley-Klein parameters g; and b; for the pulse interval j are
defined as in Eq. (11).

The propagation in state-space description of universal rota-
tions is given by

o _ a; —b; -1
-l ) oo

with the initial state being

) ol ®

Pulse optimization minimizes the cost function
By =05 0.25tr{Q1 : Q}, By € [0,1] (16)

where T stands for the conjugate transpose and tr sums the matrix
elements on the main diagonal. This maximizes the projection of
the final rotation matrix Q on the target rotation Q;. Note that
tr{Q}-Q} e R. Due to the 4r-periodicity of quantum mechanical
rotations of spin 1/2 particles, this quality factor makes it possible
to distinguish 7 rotation around the x vs. —x axis (or 7 vs. —7 rota-
tion around the x axis; see Appendix A).

The first-order derivative for universal rotations was derived
previously for coupled spin systems [23,27]. The time-evolution
of the spin system during a time step j is given by the propagator

Qj = eXp{—iAt(Ho + (A)]\xJ'HX + (D]‘y_ij)} (17)

with the free evolution Hamiltonian Hy and the RF Hamiltonians
170 1 170 1

szj{] 0} andHy:Z{_] O} (18)

For single spins the first-order derivative is

0Dyr
5(017,(_]'

= -0.25tr{Q} - Q- Qu 1+ Qi - (HIAtH) - Q-+ Qi }
(19)

and correspondingly for the derivative with respect to w;,;. The
gradient can be efficiently calculated by saving the results of the
forward-propagation R; = Q; - - - Q; and of the backward-propagation
Si=Ql-Qn-Qn.q--- Q;,1 for each time step j. Then the x-gradient is
obtained with

0Pur _ 0.25iAt(tr{S; - Hy - Ri}) 0
5w1.x.j

and correspondingly for the y-gradient. Note that the gradient con-
sists of real numbers.

The quality factor @, (Eq. (16)) based on tr{Qi -Q } is sensitive
to the global phase of Q and hence can distinguish e.g. 7 from —x
rotations around the x-axis. As pointed out in Ref. [23] the global
phase of Q has no experimental significance, which can bg ex-
pressed by an alternative quality factor based on ‘tr{Qi . QH :

By =1 —O.25‘tr{QI-QH2,@UQ €0,1] 21

As shown in Appendix A this quality factor based on the unitary
matrix Q is identical to the quality factor

— — — — — —
Puyz i= 0.5 By (Mo, Mea) + Bpp (Mo, Mrz) + pp(Mos, Me)|
(22)

which is based on the properties of three indepen@nt P&tranior—
mations for the three initial magnetization vectors Mo1, Moz, Mos,
which are orthogonal to each other, and the target vectors

My = Rtﬁo,h Mis = RiMoa, Mis = Rr1\710,3 (23)

representing the initial vectors rotated by ¢, around axis i, where
R; is the desired rotation matrix (see Appendix A). This cost function
has the advantage of using only PP transformations and therefore
being more straightforward to implement.

The cost function @y, = @, has a 2 n-periodicity and therefore
7 rotations around the x vs. —x axis cannot be distinguished (or &
vs. —7 rotations around the x axis). This is in contrast to &, which
makes this distinction. The periodicity of &, and ®,,,= @ and
the resulting sensitivity toward positive or negative direction of
7 rotations are discussed in Table 1 and Appendix A.

2.4. Cost function for S-BURBOP

The goal of pulse optimization is to create an RF pulse with a de-
sired performance for different off-resonance frequencies and B,
scalings. This is obtained by averaging over several cost functions
and gradients [18,23,16].

Slice-selective performance is obtained by combining UR (Eq.
(16)) and PP (Eq. (7)) in a single optimization routine. In the
pass-band the pulse should perform universal rotation Q, with
rotation axis 7, and angle ¢, In the transition zone the pulse
behavior is undefined. Finally, in the stop-band excitation is pre-
vented by mapping magnetization aligned along the z-axis to itself,
by performing PP with MO = 1\71[ = [001]". Alternatively the perfor-
mance in the stop-band can be described by universal rotation
around the z-axis [30]. For UR the desired rotation angle needs to
be specified. This angle is caused by the effect of free precession to-
gether with a transient Bloch-Siegert shift. The approximation of
the transient Bloch-Siegert shift used in reference [30] has negligi-
ble error only for large off-resonance frequencies. In contrast, using
PP and mapping of z-magnetization to itself does not require the
definition of a specific off-resonance dependent rotation angle
around the z-axis.

The cost function for slice-selective universal rotation pulses is
therefore

Table 1

The resulting transformation of magnetization vectors My, M,, and
M, for a positive or negative 180° rotation around the x-axis is
identical. Therefore, the cost function @,y, which uses this
transformation, is not sensitive to the rotation direction. @y,
equals 0 in both cases. Conversely, @ is sensitive to the rotation
direction. It is 0 if axis, angle, and direction of the actual rotation
are equal to the target rotation (in this case 180,°). @, equals 1 if
the actual rotation direction is opposite to the target rotation

direction.
180,° —180,°
MX - Mx Mx ind Mx
My — —M, My —» —M,
M, - —M, M, -» —M,
Dy, = 0 Dyy, = 0
Dy =0 Dy =1
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Dyjice = Z (I)Llr(ﬁt>¢t7Awk)W(Awk)
AwyeP

+ 3" @yp(Mo, My, Ao )W(Awp) (24)

AwmeS

The sets P and S include discretely sampled off-resonance fre-
quencies in the pass-band and stop-band, respectively. The weight-
ing factor w is chosen in a way that off-resonance frequencies
further away from the pass-band have a smaller influence on the
optimization. For the bandwidth BW and a slice centered around
Aw = 0 Hz the weighting factor is defined by

, B Ao  BW Aw  BW
waw) = e"p{“m * T‘} " exPHmw - T'} (23)
and it is normalized with
-1

w(Aw) =

Z VV’(ACOk)

AoyeP| s

w(Aw) (26)

in order to have a sum of unity.

Excitation of transverse magnetization far beyond the pass-
band is not desired. For large frequency offsets resulting transverse
magnetization is simply the Fourier transform of the B; pulse
shape [31]. The pulse shape may not contain high-frequency com-
ponents and it is therefore filtered by a low-pass which suppresses
frequencies above the maximum frequency fj, = 10 kHz. The low-
pass filter is implemented as a convolution of the RF pulse shape
By;j(j=1,...,N)in time domain with the sinc function

_sin(27kf, At)
&= — 1k
and it is applied in each iteration of the optimization [32]. This pro-
cedure has two advantages: it limits the number of off-resonance
frequencies that need to be considered in the stop-band
(—27fip, . .., 27f},) and therefore speeds up the optimization. Second,
it produces smooth pulse shapes which can easily be generated by
the MR hardware.

Robustness against scaling of the B; amplitude is obtained by a
weighted average over different scalings |B;| — bp|B; |. The overall
cost function for slice-selective, robust refocusing pulses is given
by

D= Z Dyjice (bp) Wi (bp) (28)

bpeB

k=-N,....N (27)

For a pulse with +10% B; robustness the set B is equal to {0.9,
1.0, 1.1} and for +20% B; robustness it is B={0.8, 0.9, 1.0, 1.1,
1.2}. In order to achieve a uniform performance as a function of
B, amplitude within the specified range of B; values, low B, values
needed to be weighted stronger. The empirically found weighting
factors w,, for £10% B, robustness were {0.56, 0.33, 0.11} and for
+20% B; robustness they were {0.33, 0.27, 0.20, 0.13, 0.07},
respectively.

2.5. Terminology of selective RF pulses

Design of selective RF pulses is a tradeoff between time-band-
width product (T - BW), fractional transition width (FTW), pulse
energy (E), and ripples in the magnetization profile (). As band-
width (BW) we use the full width at half maximum of the inversion
magnetization profile. The FTW is the width of the transition zone
divided by BW. The dimensionless number E/Es; is the pulse
energy relative to a conventional SLR pulse. It is proportional to
the integral over the squared B; amplitude. The ripples dpg and s
are the maximum errors in the inversion magnetization profile’s
pass-band and stop-band, respectively. An important measure for

the broadband performance achieved under B;max limitations is
BW/f1 max» where fi max = —7/(27)B1 max is the maximum available
RF amplitude.

2.6. Experiments

For experimental validation S-BURBOP pulses were imple-
mented on a Bruker 600MHz/14T Avance IIl spectrometer (Bruker
BioSpin, Rheinstetten, Germany). The pulses were scaled to
B1.max = 235 uT which corresponds to f; max = 10 kHz for 'H. Magne-
tization slice profiles of crushed spin-echo were measured in a
water sample for different By scalings (TR=1.1s, TE =5 ms). The
pulse sequence consisted of a non-selective 90° excitation pulse
followed by a slice-selective 180° refocusing pulse, which was sur-
rounded by crusher gradients, and recording of a spin-echo. The
refocusing profile obtained from this measurement was normal-
ized to the profile obtained from a measurement omitting the refo-
cusing pulse in order to correct for flip angle deviations of the
excitation pulse.

Imaging experiments were carried out on a GE Signa HDx 3T
MRI system (GE Healthcare, Milwaukee, WI, USA) using a trans-
mit-receive head coil with By . = 23 uT. Imaging of the "H PRESS
CSI voxel was performed on a phantom filled with vegetable oil
and water. A (2cm)® voxel was measured with TR=4s and
TE = 50 ms.

3. Results and discussion
3.1. Convergence of pulse optimization

The convergence of S-BURBOP pulse optimization is examined
by checking the final costs starting from a large number of random
initial pulses. Convergence properties of optimizations based on
the cost functions @, (Eq. (16)) and ®,y, = Py (Egs. (22) and
(21)) are compared. Slice-selective 180,° pulses with T-BW =18,
FTW = 0.1, BW/f1 max = 3 are optimized without B; robustness with
cost functions @, and ®,y,. The optimizations are initialized with
the same 1000 random pulses and are terminated under the same
conditions (maximum 1000 iterations or cost difference of two
subsequent iterations below 1077).

The histograms in Fig. 1a and b show the number of pulses that
end up with a specified final cost @y,,. The cost function @,y is
used, as it is insensitive to the rotation direction and therefore
the best pulse under @, is also the best pulse under @,,, (but
not vice versa). The histograms show that the final costs optimized
with @&, are accumulated closer to each other and reach better
costs. Therefore the fidelity of optimizations with @, is higher
than with @,y,.

Although the global phase of a unitary propagator Q has no
physical significance in any experiment, it plays an important role
in the optimization of RF pulses. This surprising fact was first dis-
cussed in the context of pulse optimizations for coupled spin sys-
tems [33] and was further studied in broadband single spin
optimizations [27].

The poor fidelity using the cost function @,y is a result of the
missing sensitivity toward rotation direction (Table 1). Fig. 1c
and d shows the cost at different off-resonance frequencies for
the best pulse from the &,,, and @, optimizations. While the
@,-pulse rotates by 180,° in the pass-band, the &,,,-pulse per-
forms both +180,° (@ = 0) and —180,° (@, = 1) rotations for dif-
ferent off-resonance frequencies within the slice. The cost function
@,,, has high fidelity when the desired magnetization vector is cre-
ated by a +180,° or a —180,° pulse. There is a transition zone
between the regions with positive and negative rotation directions
which does not perform a positive or negative 180,° rotation. This
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Fig. 1. Histograms of final cost ®,,, starting from 1000 initial pulses and optimizing with (a) @,,, and (b) ®,,. (c and d) Cost depending on off-resonance frequency using the
best pulse from (a) respectively (b). In the pass-band cost function @, was used, which is sensitive to the rotation direction. Dashed lines indicate the transition zone. (c) The
pulse optimized with ®,,, contains different rotation directions within the slice. (d) The pulse optimized with @, performs well throughout the slice.

transition zone, which leads to poor fidelity under ®,,, as well as
@, can be avoided by using @, which defines the rotation direc-
tion of the 180° pulse.

It is therefore very important to have a defined rotation direc-
tion for the pulse optimization. In practice, direct optimization of
universal rotations with @, results in better performing 180°
pulses, than optimization of point-to-point transformation of three
orthogonal vectors with @y,.

3.2. Pulse shape symmetry

BB-SLR pulses have symmetric amplitude and anti-symmetric
phase. This symmetry property was shown to be necessary in order
to completely refocus the x-component of magnetization in
crushed spin-echo [8]. In order to explore whether pulses with this
symmetry property can be robust to B; variations we optimized
pulses with and without symmetry constraints (T- BW =15, BW/
fi.max =3, FTW=0.16).

The symmetric pulses have similar pulse shape and similar
behavior to B; scaling irrespective to optimization without B,
robustness or with +20% B; robustness (Fig. 2a and b). The pulse
optimized without symmetry constraints shows good B; robust-
ness (Fig. 2c). Therefore constraining pulse optimization to sym-
metric amplitude and anti-symmetric phase prevented the
optimization of reaching good robustness against By scaling. Subse-
quent pulses are optimized without symmetry constraints to ob-
tain B; robustness.

3.3. Time-optimal curve

Time-optimal curves give a relationship for the achievable cost
as a function of pulse duration. S-BURBOP pulses were optimized
with different pulse durations and B; robustness using similar
parameters as for the exemplary BB-SLR pulses described in Table
2. The parameters FTW and BW/f; max Were fixed for each time ser-
ies of optimizations. All pulses are scaled to By max =23 IT which
corresponds to f;max =1kHz for 'H. Time-optimal curves were
generated for the three cases of BW/fi max = 1.88, 2.36, and 2.83.
For these three cases the results were qualitatively similar with re-
spect to @ vs. T and E vs. T. Therefore only the results for the largest
bandwidth (BW/f; max = 2.83) are shown here. The resulting pulses
are evaluated based on final cost and pulse energy (Fig. 3).

With increasing pulse duration T the cost @ decreases and pulse
energy increases. A decreasing cost means that ripple and FTW de-
crease. The conventional, purely amplitude-modulated, SLR pulse
has a high cost because it is not broadband under the same

B max limitation. It is included in order to have a relative measure
of pulse energy.

Pulses optimized for exact By calibration (S-BURBOP-0%) and for
similar pulse duration reach a similar cost compared to BB-SLR
(Fig. 3a). The advantage of S-BURBOP increases if the required B;
robustness increases. S-BURBOP-10% and S-BURBOP-20% are opti-
mized for a B; miscalibration of +10% and +20%, respectively. S-
BURBOP-10% with T=6 ms has only 25% of the cost (including
the different B; scalings) of BB-SLR (Fig. 3b). For S-BURBOP-20%
the cost decreases to only 20% of BB-SLR (Fig. 3c).

Instead of reducing cost (i.e. increasing performance) with a
pulse of similar duration the time-optimal curve also facilitates
selecting a pulse of similar cost and shorter pulse duration. For
+10% B, robustness this means that compared to BB-SLR the same
cost can be reached with a pulse duration shortened by 45% and
energy reduced by 34%. For S-BURBOP-20% the pulse duration
can be reduced by 58% and energy by 48% while obtaining the
same cost. Hence, echo time and energy can be significantly re-
duced with S-BURBOP-10% and S-BURBOP-20%, if robustness
against By scaling is needed.

Besides reducing pulse duration time-optimal curves can also
be used to reduce energy while obtaining the same cost as a refer-
ence pulse (e.g. BB-SLR). The iterative optimization used here can
limit pulse energy which results in a tradeoff between pulse per-
formance and pulse energy [22,34].

3.4. Performance of exemplary pulses

Three exemplary S-BURBOP-20% pulses are selected for further
comparison to BB-SLR. The exemplary pulses are chosen to be sim-
ilar to the exemplary BB-SLR pulses from Ref. [8]. The pulse prop-
erties are described in Table 2 and the shape of the pulse with the
largest bandwidth is shown in Fig. 4a.

Compared to the corresponding BB-SLR pulses the S-BURBOP-
20% reach slightly larger T-BW, similar BW/f; max, Smaller FTW,
and slightly larger E. The ripples for exact B; calibration are larger.
The pass-band and stop-band ripples for exact B, are increased by a
factor of 2-3 and 218-490, respectively. However, the ripples re-
main in a range where they are practically applicable. In Table 2
the ripples are also compared for B; scaling. For B; scaling of
+20% BB-SLR pulses become practically unusable, as the pass-band
ripple becomes too large (often larger than 100%). This means that
the rotation angle is far from the intended 180°, leading to signal
cancelation. The ripples for S-BURBOP-20% are increased for +20%
B, scaling compared to exact By , but remain much smaller than
for BB-SLR.
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(a) symmetric S-BURBOP-0% (b) symmetric S-BURBOP-20% (c) S-BURBOP-20%
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Fig. 2. Pulse shape and inverted z-magnetization of (a) symmetric S-BURBOP-0%, (b) symmetric S-BURBOP-20%, and (c) S-BURBOP-20% without symmetry constraints. S-
BURBOP-0% was optimized without B1 robustness, while S-BURBOP-20% was optimized for +20% B1 robustness. The symmetric pulses were optimized with time-symmetric
amplitude and anti-symmetric phase. Symmetric S-BURBOP-0% and symmetric S-BURBOP-20% have similar pulse shape and B; robustness behavior. S-BURBOP-20% without

this symmetry restriction shows good B; robustness.

Table 2

Properties of the exemplary pulses for a scaling of f; max = 1 kHz. Energy E is normalized to the energy of the SLR pulse with the same B; max. The parameters BW and FTW are
evaluated for exact By scaling only. Maximum ripples in pass-band dpp and stop-band dsp are evaluated for exact By and +20% scaling.

T-BW BW/[f1 max FTW E[Esir T (ms) BW (Hz) épp - 100 for By scaling of dsg - 100 for By scaling of
—20% 0% +20% —20% 0% +20%
SLR 410 0.97 0.42 1.00 421 974 22.73 1.06 21.43 3.14 1.20 22.63
BB-SLR 7.17 1.88 0.44 3.19 3.82 1876 >100 1.52 >100 0.31 0.001 3.62
S-BURBOP-20% 9.27 2.06 0.28 535 4.50 2061 28.55 4.15 5.69 0.22 0.49 2.54
BB-SLR 12.75 2.36 0.25 6.17 5.39 2364 >100 1.50 30.94 0.24 0.002 2.62
S-BURBOP-20% 13.84 2.52 0.22 6.30 5.50 2517 9.97 433 1.61 0.76 0.86 14.13
BB-SLR 16.73 2.83 0.18 6.92 5.91 2830 >100 1.57 >100 0.77 0.005 5.73
S-BURBOP-20% 19.49 3.00 0.16 7.51 6.50 2999 9.14 3.02 3.14 2.30 1.09 6.08
HS1 38.95 3.00 0.22 5.96 13.00 2996 17.77 4,53 2.07 0.69 0.83 0.83

Broad bandwidth and B; robustness can also be obtained with
adiabatic pulses. A hyperbolic secant pulse (HS1) with BW/
fimax=3 and T=6.5ms was designed with a truncation factor
B =5 [14]. In order to achieve refocusing the HS1 pulse needs to
be applied twice. The resulting pulse performance is given in Table
2. Compared to BB-SLR and S-BURBOP-20% with the same BW/
fi1.max the HS1 pulse has roughly twice the T-BW, a larger FTW,
and less energy. Pass-band ripples of HS1 are very large for B; scal-
ing to 80% because the adiabatic condition is not fulfilled. In the
other cases the performance with respect to ripples is comparable
to S-BURBOP-20%. HS1 pulses may be applicable when short echo
times are not necessary. S-BURBOP-20% pulses show a good mag-
netization profile for B; scaling within +20% and are much shorter.
They are very useful for common experiments with a volume res-
onator, where the B; inhomogeneity is within a limited range. Fur-
thermore, if errors in the calibration of the B; amplitude exist, they
are also within a small range.

The magnetization profile for inversion and crushed spin-echo
(Fig. 4b and c) shows that the pulse performs within the specifica-
tions of slice and transition zone. The pass-band and stop-band er-
rors for inversion and for exact B; calibration are 0.03 and 0.01,
respectively. These ripples are small enough for practical experi-
ments. For crushed spin-echo there remains x-magnetization as

S-BURBOP-20% pulses do not have symmetric amplitude and
anti-symmetric phase (Fig. 4c). The remaining x-magnetization
integrated over all frequencies is zero and the phase error remains
very small within the pass-band.

Robustness against B; scaling can best be judged from contour
plots (Fig. 5), which show magnetization after applying the pulses
as inversion and crushed spin-echo pulses depending on resonance
offset and B; scaling. The exemplary pulse inverts z-magnetization
to below —0.9 within the slice specifications and for B; scaling be-
tween 0.79 and =1.2. For crushed spin-echo a performance better
than —0.9 is achieved for B; scalings within 0.78 to ~1.2. For the
corresponding BB-SLR pulse these B; scalings are 0.98-1.02 for
inversion and 0.96-1.05 for crushed spin-echo. Compared to the
BB-SLR pulse the robustness against B; errors is highly improved,
while staying within the slice specifications. Magnetization pro-
files of spin-echo experiments corresponded well to simulations
and confirmed these findings (Fig. 6).

3.5. Experimental validation

The applicability of S-BURBOP-20% pulses was shown in PRESS
CSI experiments in a phantom filled with oil and water (Fig. 7). The
3.5 ppm chemical-shift difference between oil and water results in
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Fig. 3. (a-c) Final cost for S-BURBOP pulses with different duration optimized for B; inhomogeneity of (a) +0%, (b) £10 %, and (c) +20%. SLR and BB-SLR are included for
comparison. The cost for a pulse of zero amplitude (dashed line) is smaller than unity since it performs perfectly in the stop-band, which contributes positively to the cost
measure. (d-f) Pulse energy normalized to SLR pulse for the above pulses.
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Fig. 4. (a) RF pulse amplitude and phase for exemplary S-BURBOP-20% with BW/f; max = 3. (b) Magnetization profile after application of exemplary S-BURBOP-20% as
inversion and (c) crushed spin-echo pulse. Bottom profiles in logarithmic scale show the magnetization errors. The profile was simulated for exact calibration of By = 23 puT.

a chemical-shift displacement error (CSDE) of 36% of slice thickness netization profiles in Fig. 7k). This means that the width of the tran-
for the SLR pulse. With the broadband pulses BB-SLR and S-BURBOP- sition zone is reduced, leading to less sensitivity toward anomalous
20% the CSDE is reduced to 10% and the selection is sharper (see mag- J-modulation and reducing the need for outer volume suppression.
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Fig. 5. Simulated contour plot of magnetization after using the exemplary S-BURBOP-20% shown in Fig. 4a as (a) inversion and (b) crushed spin-echo pulse. The plots show
pulse behavior depending on different resonance offsets and B; scalings. (c and d) Show the same simulations for a comparable BB-SLR pulse. Robustness against B; scaling is

highly improved with S-BURBOP-20%.
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Fig. 6. Magnetization profile from crushed spin-echo experiment using S-BURBOP-20% shown in Fig. 4a. (a) The profile shows x- and y-magnetization for exact B; calibration.
(b) The contour plot shows y-magnetization for +25% By scaling. Note that the experiments were performed with a 10-fold B; amplitude compared to the simulations, which

results in a 10-fold bandwidth.

Furthermore, PRESS experiments were performed with a mis-
calibrated B; amplitude. For 80% of correct B; the SLR and S-BUR-
BOP-20% pulses show only a minor increase in ripples, while the
BB-SLR pulse causes a large drop in signal (Fig. 7 (left column)).
For BB-SLR the selection of the desired voxel is incomplete, leading
to signal cancellation in some areas. For 120% B, (Fig. 7 (right col-
umn)) the signal drop is equally severe for BB-SLR. With SLR the
selection was moderate, showing large ripples in the stop-band
and smaller signal amplitude of water. The S-BURBOP-20% pulse
showed good selection and a larger water signal than with the
SLR pulse. In the exemplary slice profile S-BURBOP-20% obtained
more than 86% of signal for +20% B; errors.

The SLR pulse is fairly robust against B; miscalibration but re-
sults in a large CSDE. BB-SLR reduces the CSDE successfully, but
is highly sensitive to B; errors. S-BURBOP-20% effectively reduced
the CSDE while being robust toward B; scaling of +20%.

4. Conclusion

Refocusing pulses which are robust, highly selective, and broad-
band were designed using optimal control theory. In simulations
and experiments these S-BURBOP-20% pulses were shown to fulfill
broadband slice specifications over a range of +20% B; scaling.
S-BURBOP-20% pulses have experimental advantages due to their
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Fig. 7. Voxel from PRESS CSI experiments in a phantom filled with water and oil using (a-c) SLR, (d-f) BB-SLR, and (g-i) S-BURBOP-20% refocusing pulses. Plots (j—1) show
horizontal profiles from the above images through water (y = 1 cm) and oil (y = —1 cm). In the center column B; was calibrated correctly, while in the left and right columns B,
was scaled by -20% and +20%, respectively. The chemical shift displacement error between signals from oil and water is reduced with larger bandwidth. S-BURBOP-20% was
shown to be robust against B, scaling of +20%. The pulses had a BW/f max = 0.97, 2.83, 3.00, respectively.

robust behavior toward B; scaling, whereas broadband SLR pulses
showed high B; sensitivity. Compared to hyperbolic-secant (HS1)
pulses S-BURBOP-20% pulses allow a much shorter echo time be-
cause they are universal rotation pulses and do not need to be used
in pairs. The broadband property of S-BURBOP-20% pulses leads to
a reduction of chemical-shift displacement errors (CSDE). In PRESS
experiments the CSDE between fat and water was reduced by a
factor of 3 compared to a conventional SLR pulse.
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Appendix A. Relationships between @, @2, and Dy,

Following is the proof showing that the cost function ®,,, (Eq.
(22)) is identical to @, (Eq. (21)). Inserting initial magnetization
vectors

1 0 0
Mo:r=|0|, Moz=|1|, Mos=|0], (29)
0 1

target magnetization vectors (Eq. (23)), and @, (Eq. (7)) into @y,
gives



M.A. Janich et al./Journal of Magnetic Resonance 213 (2011) 126-135 135

By, = 0.75 — 0.25[(R-Mo.1)"RMo + (R-Mo2) RMo
+ (RMo3) RMos). (30)

The rotation matrix R = Ry - - - Ry describes the rotation of the RF
pulse sequence by the angle ¢ around the axis 7. It is given by [35]

cos ¢ +n2(1 — cos ¢) ey (1 —cos¢) —n;sing  nyn,(1—cos¢) +nysing
R= | nyny(1 —cos¢)+n,sin¢g cos¢+n§(1 — oS ¢) nyn,(1 —cos ¢) — ny sin ¢
nny(1 —cos¢) —nysing nny(1—cos¢)+nysing  cos ¢ +n2(1—cos¢)
@31

With the norms |ii| = |ii{| = 1 and the substitution A =n,n, +
ny.dy, + g, Eq. (30) becomes
@, = 0.75 — 0.25[(1 + A%) cos ¢, cos ¢ + (1 — A®) cos ¢,
+ (1 — A%)cos ¢ + A* + 2Asin ¢, sin ] (32)

On the other hand, the cost function &;,, which compared to
@, (Eq. (16)) contains the squared value of tr{Qi . Q}. is given by

_ b D g e D)

Dyp =1 (cos 3 cos2 + Asin 5 sm2 (33)
With the help of cos®x=0.5 + 0.5 cos(2x); sin’x = 0.5 — 0.5 cos

(2x) and sinx - cosx = 0.5 sin(2x) this equation transforms into

Byy =1 —0.25 [(1 +A%) cos ¢, cos ¢ + (1 — A%) cos ¢,
+(1-A*cos¢+1+A® +2Asin ¢, sin ¢]
=0.75 — 0.25 [(1 + A%) cos ¢, cos ¢ + (1 — A*) cos ¢,
+ (1 —A?)cos ¢ + A* + 2Asin ¢, sin ¢] (34)

which is equal to Eq. (32). This proofs the identity @y, = ®Pyr2.

If a cost function has a 27w-periodicity it is impossible to distin-
guish 7 rotations around the x vs. —x axis (or m vs. —7 rotations
around the x axis). From Eq. (34) it can be seen that &, is invari-
ant to 27 shifts: @y2(¢p — 27) = Pya(¢), because the sine and co-
sine functions are symmetric to 27 shifts. Conversely, &, is not
periodic to 27 shifts:

Dy (¢p—2m) =0.5-0.25 (2 {cos% cos ¢ ;2% +Asin% Sind’%mb

=05+0.25 (2 {cosﬁ cosf +A sinﬁ sin ?] ) #Py ()

2 2 2 2
_05- P cos? 1 Asin®e sin?
=05-025 (2 {cos 5 C0s5 +Asin ) (35)

Therefore @, distinguishes 7 from —7 rotations, as expected.
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